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FOREWORD 
Engineering Mechanics majors presently take two senior level courses (TAM 
293 and TAM 294) entitled "Senior Research Project." Each student has the oppor-
tunity to assume individual responsibility for the selection, development, execution, 
completion, and evaluation of an experimental and/or analytical investigation of any 
phase of engineering science. 
The three papers in this volume were presented on May 3, 1974, at the Univer-
sity of Illinois at the Thirteenth Engineering Mechanics Symposium. They were selected 
from a group of five papers presented at the completion of the TAM 293 - 294 course 
sequence. The course coordinator, Professor J. W. Phillips, wishes to thank all the 
faculty members from various departments who advised the individual students. A 
complete listing of papers appears below. - - J. W. P. 
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AN APPROACH TO ACCELERATING THE DECAY OF 
A TRAILING VORTEX 
by 
MARLINS. BRUEGGERT 
Adviser: Kenneth R. Sivier 
Associate Professor of Aeronautical and Astronautical Engineering 
Abstract . -- - The purpose of this project is to test the effect of a cone, placed 
in a trailing vortex of a wing, on the decay of the vortex. The results are compared to 
the decay of an unmodified vortex from the same airfoil. This will partly determine 
whether a cone will be acceptable on transport aircraft as a method of reducing the dan-
gers of vortex systems . 
1. 2 
Introduction 
The purpose of this project is to investigate the trailing vortices and their decay. 
Anytime an airfoil generates lift by circulation there is a trailing vortex system such 
that ideally the net circulation is zero. The magnitude of this circulation is proportional 
to the lift generated by the airfoil. Large aircraft require more lift; thus they produce 
more circulation than lighter aircraft do. This intense circulation created by such air -
craft can be a significant hazard to any smaller aircraft operating behind the heavy one . 
The degree of danger to the smaller aircraft depends on the magnitude of the circulation 
and the maximum roll rate attainable by the following aircraft. Obviously a 747, L- 1011, 
etc. is a potential hazard to not only general aviation aircraft but also to 727's and 
DC- 9's, which are themselves hazards to general aviation aircraft. 
To avoid these vortices aircraft must either operate on parallel runways where 
there is the danger of wind blowing the vortices onto the parallel runway, or the aircraft 
must be separated by a safe interval such that by the time the trailing aircraft might en-
counter a vortex the vortex has decayed sufficiently so as not to be a hazard . A third 
method is for the lighter aircraft to plan its glidepath or departure so that the flight path 
remains above that of the heavier aircraft. This also can lead to operational hazards . 
Current Federal Aviation Administration air traffic control procedures allow a several 
minute separation between the landing of a heavy jet and a lighter jet. This leads to 
more congestion at already crowded airports and decreases the efficiency of the airway 
system. 
The strength of the circulation behind a 747 gives an idea of the magnitude of 
the problem. At an aircraft velocity of 153 miles per hour, the trailing vortex has 
sufficient strength five minutes after passage, or 67,500 feet behind the aircraft, that 
a light aircraft would encounter a rolling moment twice that available from aileron con-
trol. The maximum tangential velocity at this point is fifty -five feet per second at a 
radius of four feet. 
Obviously a practical way is needed to hasten vortex decay. This report looks 
at the structure of trailing vortices and their decay as reported by several investiga-
tors . The report discusses the cause of trailing vortices, their structure, and their 
decay, in that order. The experimental procedure is then explained, followed by a 
presentation of the results obtained by placing a cone in the trailing vortex just aft 
of the airfoil trailing edge. 
1. 3 
Cause of Trailing Vortices 
About an airfoil creating lift there exists a nonzero circulation in the form of a 
bound vortex. This circulation is directly responsible for the lift of the airfoil, where 
Lift = 0 . Sp (velocity) (circulation). According to the Helmholtz theorem, the net circu-
lation must equal zero . Also, the bound vortex cannot simply end in space . It must be 
contained, i. e,, both ends must be separated from free stream pressure, or else it must 
close upon itself. The vortex system satisfies the Helmholtz theorem and the last re -
quirement by forming what is commonly called a horseshoe vortex system . This system 
is shown in Fig. 1, looking down on the airfoil. 
The two trailing vortices rotate opposite to each other, as do the shed and bound 
vortices, such that if one started at any point on the vortex system and traveled along 
the vortices back to the same point, the net circulation would be zero . The shed vortex 
is created when the airfoil is started up . As its name implies , this vortex is shed from 
the wing and remains on the runway. In reality, because of friction and viscosity , the 
trailing and shed vortices decay . This decay will be discussed later. The bound vortex 
remains at a strength determined by the free stream velocity and the angle of attack of 
the airfoil. 
The above diagram of the trailing vortices is idealized because in reality the 
lift distribution over the airfoil is not uniform. For a rectangular airfoil we can assume 
an elliptical lift distribution. If one looked head- on at the wing, perpendicular to the 
span, the lift distribution could be portrayed as in Fig. 2. This distribution results in 
a system of trailing vortices which appears similar to the diagram in Fig. 3. 
A fraction of the shed vorticity then is bound up in the trailing vortices. A sub-
s tantial part of the vorticity leaving the wing never becomes incorporated into the trail -
ing vortices. After the trailing vortices have completed the roll -up process they are 
found slightly inboard of the tip. 
Structure of the Trailing Vortex 
Concentrating on one of the trailing vortices, one can investigate the mechanics 
of the vortex. One can take a small segment of the vortex and look at the pressure 
forces and resulting motion of the segment (see Fig. 4). The difference in pressure 
forces on the segment must be e<i]_ual to the centrifugal force on the segment. Therefore, 
inside the vortex core, 
r dp de = r de ( dp ) dr 
dr 
r ctr d0 = ctr de ( rw2 ) 
dp = p w2 r 
ctr 
p = 0. 5 p w2 r 2 + constant 
1.4 
Outside the core of radius a, Bernoulli's equation can be applied to obtain 
2 
Pr + 0. 5 P q = Pp 
K 2 
Pr + 0. 5 P ( 2 r ) = Po 
2 2 2 p = p - p K /8rr r r o 
q = velocity 
K = circulation 
where p is the pressure at a radius greater than or equal to the core radius. . Setting r 
equal to a gives 
Equating this with the equation inside the core at a radius a, one finds that 
2 2 2 2 2 
Constant = p - ( p K /8rr a ) - 0. 5 p w a 
0 
The pressure inside the core at a radius r is then given by 
p = p -
o Srr2 a2 
2 2 2 
- O.Spw (a -r) 
2 
where w = k/2 a . When r = 0 the minimum pressure is obtained, which is 
From these equations [ 2, p. 87] one can see that the pressure rises from a minimum at 
radius zero to free stream pressure at the edge of the vortex. 
Looking at a real vortex, experiment has shown the tangential velocity ( circum -
ferential velocity) to vary with radius, from a minimum at r = 0 to a maximum at the 
core edge, and then exponentially down to zero. This variation is shown in Fig. 5, where 
tangential velocity is plotted as a function of vortex radius r. 
Because the trailing vortex exists in a real fluid, it decays. McCormick, Tangler, 
and Sherrieb [ 3] have done important research on vortex decay; they were able to obtain 
an expression for the variation of vortex velocity with time by writing the Navier-Stokes 
equation for two-dimensional axisymmetric flow in terms of vorticity. This equation is 
and the assumed solution is of the form 
1.5 
t = t (t) 
0 
·2 exp - [ r /w ( t ) ] £.Ii 2 
where w is the value of r for which t = t 0 /2. 
Writing tangential velocity v and circulation r in terms of vorticity 
R 
{' 
t = ( 1/r ) [ d ( vr )/dr ] = ( l/2irr ) (ctr/ctr ). r ( R ) = J 2irrtdr 
and substituting in the above equation results in 
t 
t01 
[- (_!:_ >2 £.n2 ] = 
1 + t' exp 1 + t' w 
0 
2 
r 1TWO &01 [ 1 - exp - (2 >2 £. n 2 ] = 1 + t' £. n 2 w 
0 
WO t01 
v (r) = 2 ( r/w ) £. n 2 [ 1 -
0 
r 2£.n2 
exp - ( w ) 1 + t' ] 
0 
0 
where t' = t ( 4v ln2/w O 2 ) and t 01 and w O are the initial values. From the equation 
for v (r) by differentiatingJ the maximum value of v is 
V = 0.384 W /;; /( 1 +e>1/2 
0 01 
a = 1.35 w ( 1 +t' )112 
0 
and since I' (a) = 21rav , I' (a) = 3. 25 w 2 t 01 . max o 
From the equation for r, one obtains the total vortex strength r 00 by letting r 
approach infinity. This is 
r 
00 
I' (a) = 0.16 I' 
00 
McCormick, Tangler, and Sherrieb [3] present another analysis of vortex flow 
as originally done by Hoffman and Joubert. The underlying assumption is that viscosity 
effects are negligible except for a small eye at the center of the vortex and for large 
radii. Another important feature of this approach is that turbulent vortices are geomet-
rically similar. The result is that the circulation can be written as 
1. 6 
Tangler and Sherrieb followed this up with experimental work on models and 
full scale aircraft (PA-28-140). They found the data to be fitted by an equation of the 
form 
t = t0 exp [ - ( r /w l £ n 2 ] 
i.e., an exponential decay of vorticity. The value of n was found to be 2. 19. Tests 
on full-scale aircraft indicated a logarithmic decay, so apparently one can conclude 
that the type of decay depends on the Reynold's number. 
Another important result of flight tests is that v /V, the ratio of initial tangen-o 
tial velocity to free stream velocity, for aspect ratios greater than four, does not 
depend on either aspect or taper ratio and is given by v 0 /V = 0. 625 c1 for a Reynold's 
number of 3. 5 x 18 -5. 
The above can be summarized very simply: 
r=JV·dl= Jt · dA 
or 
Ot '/- 0 for viscous fluids 
or = 
Ot L (t) or E (t), where 
L (t) = logarithmic function of time, 
E (t) = exponential function of time, exponential or logarithmic depending 
on the Reynold's number. Applying the equation for a circular region gives 
21T 
r = v0 J rd0 = 2irrV0 . 
0 
Procedure and Results 
Using the theory above we can make conclusions on experimental results. For 
a given airfoil at a given angle of attack and airspeed, the lift, and thus the circulation, 
will be a constant. The trailing vortex will always have a constant circumferential 
velocity at a given radius at a given downstream distance. If one modifies the vortex 
and finds that at this given distance the velocity is smaller at the same radius as before, 
then the vortex has been successfully modified, i. e. , .i,t presents less danger because 
of the smaller velocities. Whether it decayed exponentially or logarithmically, the mod-
ified vortex should have smaller velocities than the unmodified vortex at every downstream 
location. 
1.7 
Three methods of determining vortex decay were looked at. The first was a 
five -port pressure probe. To determine velocity and its direction at a point, six pres -
sures need to be determined for the probe at that point. A mechanism existed for mov-
ing the probe downstream, but it would have to be moved manually in the vertical and 
horizontal directions . The vortex core at the wingtip was only about 0. 24 inches in 
diameter , slightly larger than the probe tip . . Also , the exact position of the probe 
would have to be known at each location. All of these conditions meant that using the 
probe would be rather tedious c:1.nd time consuming. Due to time limits, this method 
was rejected. 
A second method employed a smoke generator to delineate the vortex . This was 
used at first with the unmodified vortex, but whenever the vortex was modified the 
smoke generator seemed to stop working. Obviously, no conclusions could be drawn 
this way. There is a basic problem with using the smoke to study vortices, which the 
experimenter soon found out. Slightly downstream of the smoke generator tip, the 
smoke becomes so diffuse that it is very hard to draw any conclusions about vortex 
radius , unless it is greatly increased. The diffuse smoke does not make photography 
an easy matter . 
A last method was using a tuft grid to visualize the vortex flow. The grid was 
easy to move upstream and downstream, and there were no mechanical parts to fail 
(as opposed to the smoke generator) . The tuft grid is easily photographed and is appar -
ently used in many vortex visualization studies . For these reasons , a tuft grid was 
used in this experiment. 
It should be noted before discussing the results that the tuft grid was hand- made 
by the exper imenter from pictures . The tufts in the grid were not long enough for this 
low a vortex velocity to show the vortex vividly. The tuft grids the experiment modeled 
his after were apparently used at higher velocities . Circulation can be seen in the photo -
graphs (see Fig. 6); a certain degree of prejudice helps one to see it better. 
The tuft grid was first placed at a point five chord lengths downstream from the 
trailing edge of the airfoil. The Sherrieb thesis [ 3] states that this is the distance at 
which the vortex roll - up process is complete. See the diagram at the bottom of page 
three for a picture of the roll -up process. The reader is now referred to the photographs 
taken at five chord lengths. Some circulation is definitely present. Because of the diffi -
culty in seeing this , the experimenter felt that it would be meaningless to take photo -
graphs at points farther downstream where velocities are even smaller. 
1.8 
The tuft grid was then moved to a point three chord lengths downstream. This 
is inside the roll - up range (four chord lengths), but it was thought that higher velocities 
here might give better results on the grid. 
Pictures were taken at each position of the modified vortex and of the unmodified 
vortex. 
The modified vortex was created by placing a cone in the trailing vortex . The 
cone had a length of one-half the airfoil chord length. This length was semi - arbitrarily 
chosen. No previous tests were available to help decide on a length. It was felt that 
this size would be reasonably adaptable to modern aircraft. The base diameter of the 
cone was approximately a quarter chord length. These dimensions were chosen so that 
the cone would create sufficient turbulence in the vortex and yet not create excessive 
drag at approach speeds . A cone was chosen as the test shape because it could be opened 
during approaches much like an umbrella. During cruise flight, it could be closed up and 
retracted into the airfoil. The position of the cone behind the trailing edge of the airfoil 
was arbitrarily one half chord length. 
The theory behind the cone is rather simple. It is known that vortices decay 
faster in turbulent air. The author also observed that smoke rings (also a vortex) rapidly 
dissipate if even a small amount of turbulence is present. The experimenter proposes 
his own theory on why turbulence hastens vortex decay . It is readily observed that if a 
smoke ring is cut in any place, the ring almost immediately disappears. From the analy -
sis of vortex structure on page four, a low pressure region called the core holds the vor-
tex together. If the vortex is cut anywhere, free stream pressure bleeds into this low 
pressure region. This then causes the loss of the pressure differential that balances 
the centrifugal force of the rotating fluid . Sufficient turbulence near the vortex could 
produce such a break . This is the purpose of the turbulent wake behind the cone. Chigier 
[ l] proposes that "hydrodynamic instabilities" in the core cause the vortex breakup. 
However, it can be seen from his series of photos that rapid decay does not begin until 
the vortices interact. It is this experimenter's belief that the two vortices "broke" each 
other open, allowing free stream pressure to bleed into the vortices and that core hydro -
dynamic instabilities had little to do with the breakup. 
In the photos that this author took it is evident from the movement of the tufts 
that circumferential velocity is less with the cone placed in the vortex. The author 
apologizes that no hard data is given on these velocities other than photographic inter-
pretation . Because of this, it was impossible to plot velocities versus downstream 
distance to determine whether there was exponential or logarithmic decay, and to com-
pare the decay of the modified and unmodified vortices graphically. 
1. 9 
During the tests it was noticed that when the cone was in the vortex, the grid 
had random periods of vibration. When the cone was not in use there was no such 
vibration. Either the turbulent wake was responsible for this, or else it was sections 
of the vortex that had been broken up alternating with lengths of the vortex between 
breaks. The author does not outrightly conclude this; rather, it is a suggestion. This 
last suggestion would confirm the theory that turbulence was causing the decay. The 
fact that velocities were less with the cone in place would also lend support to the 
turbulence break-open theory. 
It is concluded, then, that the cone was successful in reducing vortex velocities . 
To make a good judgement on the merits of the cone over some other device would re-
quire hard data on vortex circumferential velocities. Numerous tests would have to 
be run to determine which cone geometry in relation to chord length gives optimum 
breakup with minimum drag. 
1. 10 
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V circumferential velocity (tangential, interchangeably) 
V free stream velocity 
w angular velocity 
' vorticity CL coefficient of lift 
V initial circumferential velocity 
0 
p pressure at radius r 
Other Data 
airfoil NACA 0015 
angle of attack a 10 degrees 
tunnel speed 56 feet per second 
chord 0. 667 feet 
span 2. 5 feet 
r = 0 . 5 C CL V, where C = 0. 667 feet, CL = sectional lift coefficient 
0 0 0 
= . 0955 - 1. Using Sherrieb flight test modifications, r = 0. 0148 Va. For V = 50 
0 
feet per second and a = 10 degrees, V = 62. 1 feet per second. This assumes a 
core radius of 0. 03 C0 close to the wing. 










3 chord lengths; no cone 3 chord lengths; with cone 
5 chord lengths; no cone 5 chord lengths; with cone 
Fig. 6. 
BENDING OF A UNIFORMLY LOADED SEMICIRCULAR 
PLATE RIGIDLY SUPPORTED AT THE PERIMETER 
by 
SANG J. LEE 
Adviser: Arthur P. Boresi 
Professor of Theoretical and Applied Mechanics 
Edited by 
J. W. Phillips 
Abstract. - - - An approximate solution to the problem of bending of a uniformly 
loaded semicircular plate rigidly supported at the perimeter and free along the diameter 
is obtained in series form. The extent of the validity of the solution is discussed. 
2.2 
Introduction 
In this paper, the deflection of a semicircular plate is considered. Th~ plate is 
uniformly loaded over the entire surface and rigidly supported at the perimeter and free 
along the diameter. It is assumed that classical small-deflection theory is applicable 
and that the material is homogeneous, isotropic, continuous, and linearly elastic. 
The problem considered here is an idealization of one which occurs in the design 
of shear blades. Semicircular shaped shear blades with a sharp edge along the diameter 
are commonly used for felling trees up to about 20 inches in diameter. These shear 
blades function like a big scissors, the blades being forced through the tree by a hydraulic 
cylinder. It has been found that blade failure is often attributable_to the forces normal to 
the blades, rather than to the in-plane shearing which occurs during cuttings. The solu-
tion to the problem considered here should be of value in the interpretation of such blade 
failures. 
Statement of Problem 
The orientation of the plate using polar coordinates is shown in Fig. 2 and the 
positive state of stress resultants are indicated in Fig. 3. 
The plate under consideration is rigidly supported along the curved edge at r = a 
and free along the diameter at 0 = ± ; . According to the classical theory of plates, 
the partial differential equation defining the displacement of the middle surface of the 
plate is given by 
(1) 
where D = Eh3![12(1 - v2)] and p is the normal pressure. The boundary conditions 
along the curved edge at r = a are 
wl = 0 and 
r=a 
(2) 
8W I = 0 
8r r=a 
(3) 
Along the diameter at 0 = ± ; the bending moment and the Kirchhoff shearing 
force (a combination of twisting moment gradient and shearing force) must be zero: 
2.3 
I 




vez = (Qez -
_ _£_) = 0 
1T 8r 1T 0=±- le= ±_2 2 
(5) 
Method of Solution 
The solution of Eqn. (1) is the sum of a particular solution and a homogeneous 
solution, The solution will be even respect to 0 and non-singular in the region 
1T 1T 
0 < r :;_ a and - 2 :;_ 0 :;_ + 2 . 
In finding the particular and homogeneous solutions of Eqn. (1), one may elimi-
nate first the troublesome boundary conditions in Eqns. (4) and (5) rather than to try to 
satisfy them later. 
Consider first the solution of a full circular plate uniformly loaded and rigidly 
supported around the edge [ 1]. The solution is 
W = p (a2 - r 2)2 /(64d) (6) 
Along the diameter at 0 = ±;, Eqn. (6) yields [ l] 
2 2 
M0 = p [a (1 + v) - r (1 + 3v)]/16, and 
0=±; 
(7) 
V = 0. 
0z e = ± ~ 
2 
(8) 
One then seeks those terms from among the many solutions of the homogeneous equation 
V 4 W = 0 [2 ], such that by adding them to the right-hand side of Eqn. (6), Eqn. (6) will 
yield M0 = 0 and V ez = 0 along the diameter at e = ; . The following solution satis-
fies the boundary conditions (4) and (5): 
w p 
2 
= p 2 2 pa 2 p 4 2 
640 (a - r ) + 320 r 1925 (r cos 40 + 4r cos 20) . 
Along the curved edge r = a, Eqn. (9) yields 










As for the homogeneous solution, the following terms from the solutions of the 
equation V 4 W = [ 2] are even respect to 0 and non-singular at r = 0: 
2.4 
w = 1 (12) 
w = r cos e (13) 
w n+2 cos (n + 2) 8 (n = 0, 1, 2, - --) (14) = r 
w n+2 cos n e (n = 0, 1, 2, - --) (15) = r 
Following the same approach as in particular solution part, one seeks the form of the 
homogeneous solution which satisfies the boundary conditions (4) and (5). Equations 
(12) and (13) satisfy conditions (4) and (5) identically. Equations (14) and (15) yield the 
following values of M8 and v82 along the diameter [3]: 
For n = 2k (k = 0, 1, 2, ... ) 
Eqn. (14): M8 I e=~ = (-if+l (2k + 1) (2k + 2) (1 - v) r 2k, and 
2 
(16) 
Eqn. (15): = (-lt 2 (2k +D [k - 1 - (k +OV] r 2k, and 
For n = 2k + 1 (k :::: 0, 1, 2, ..• ) 
Eqn. (14): M8 rr = O, and 
8=2 
= (- l)k+l (2k + 1) (2k + 2) (2k + 3) (1 - v) r 2\ 
(17) 
Eqn. (15): M = 0, and e 1T 
8z=2 
vez rr = (-l)k(2k+l)(2k+2)[2k+5-(2k+l)v] r2k. 
0=2 
Along the diameter at 8 = ±; the coefficients of the terms in Eqns. (14) and (15) must 
vanish. In view of Eqns. (16) and (17), one readily constructs the form of a homogeneous 
2.5 
solution satisfying M8 = 0 and V Sz = 0 along the diameter. Arp.ong other choices of 
G and R, one may choose 
00 
2k+2 




+ ~ c2k+l r [ cos (2k+3) 8 + R (k) cos (2k+l) 8] 
k=O . 
G (k) = 
k - kv - v - 1 
k-kv-v+I 
R (k) = 2k - 2k v + 3 - 3v 
2k - 2k v + 5 - v 
and c. are unknown coefficients. 
1 
(18) 
Along the curved edge at r = a, the homogeneous solution in Eqn. (18) has to 
produce the negative effects of Eqns. (10) and (11); therefore the following conditions 
are required: 
4 
= - p a· (6 + 4 cos 28 + cos 48)/(192D) 
3 
= - p a (12 + 16 cos 28 + 4 cos 48)/192D) 
With the introduction of new unknowns d., where 
1 
4 
= 192D c_2/(p a ) 
4 
= 192D a C_/(P a ) 






Equations (19) and (20) become 
and 
CX) 
d _ 2 + d _ l cos 0 + !: d2k [ G (k) cos (2k+2) 0 + cos 2k 0] 
k=O 
00 
+ !: d 2k+l [ cos (2k+3) 0 + R (k) cos (2k+l) 0] 
k=O 
= - 6 - 4 cos 20 - cos 40 
00 




+ !: d k .. 1 [(2k+3) cos (2k+3) 0 + R (k) (2k+3) cos (2k+l) 0] (23) 
k=O 2 + 
~ - 12 - 16 cos 20 - 4 cos 40 
The set of functions cos 2k 0 (k = 0, 1, 2, ... ) form a complete system in the 
interval - ; ::;_ 0 ::;_ + ; with respect to even functions of 0; therefore multiplying 
Eqns. (22) and (23) by each of the above functions, one finds the required system for 
the determination of the unknown d. [ 4]. Hence from Eqns. (22) and (23) one obtains 
1 
an infinite system of equations in an infinite set of unknowns di: 
(k =-2, -1, 0, 1, 2, ---) (24) 
(i = 0 1 2 ---) 
J ' • ' 
where the dk are the unknown coefficients and the ai are the coefficients of the terms 
cos 2k 0. 
Results 
To obtain the numerical values of the d. in Eqn. (24), leading minors of orders 
l 
20, 30, ... , 100 were taken. Calculations were done by an IBM 360/75 digital com-
puter using Gauss elimination with pivoting. Table 1 shows the numerical values of 




NUMERICAL VALUES OF di FROM 20th ORDER OF MATRIX (v = 0. 3) 
d_2 = 0.1952177Xl0 d_l = -0. 6672268Xl0 
do = -0. 3381811Xl0 dl = -0. 4372921Xl0 
d2 = -0. 3167149Xl0 d3 = -0. 8353101 
d4 = 0.1162006 d5 = 0.1667338 
d6 = -0. 5435929Xl0-l d7 = -0. 7239337Xl0- l 
d8 = 0. 2876011Xl0- l d9 = 0. 3922571Xl0-l 
dlO = -0.1624609Xl0-l dll = -0. 2329703Xl0- l 
dl2 = 0. 9447413Xl0-
2 
d13 = 0.1419773Xl0-l 
dl4 = -0. 5474621Xl0- 2 dl5 = -0. 8206100Xl0- 2 
dl6 = 0.3027989Xl0-
2 
dl7 = 0. 3058360Xl0-
2 
The solution with the 20 coefficients of Table 1 is given by 





3 + (3 + 4 cos 20 + cos 40) p + d_ 2 
2k+2 




+ cos 2k 0] + ~ d2k+l p [cos (2k +3) 0 + R (k). 
k=O 
8 
cos (2k +3) 0] 
(25) 
As the order of the matrix C.k was increased, each of d. apparently approached a 
1 1 
limit and in checking the boundary conditions (2) and (3), it was found that increasing 
the order gave better results. With the expressions in Eqn. (25), the displacements 
along r = a which should have vanished were all less than 0. 0005 times the maximum 
displacement at r = O, except near the corner at 0 = ± ;· it was about 0. 001 times the 
maximum displacement. The numerical values of the slope along r = a which should 
also have vanished were about 10 times the numerical values of the displacements. 
2.8 
In obta:ining the numerical values of the stress resultants in various regions of 
the plate, only 20 coefficients of Table 1 were used in order to save computer time. 
With the solution in Eqn. (25), the displacement, bending moments, twist:ing moment, 
and shearing forces have been calculated along several values of p and are shown in 
graphical form in Figs. 4 through 9. Fig. 10 shows the Kirchoff shearing forces along 
the boundary r == a. A model 763 Calcomp plotter attached to the 360/75 was used 
to draw these graphs. 
Discussion 
As one might have expected, the solution in series form becomes crude near the 
boundary, as Figs. 4 through 10 indicate. The classical theory of plates predicts a 
1T 











If the boundary edge (0 = ± 2) is perfectly free, Mer= 0, and Eqn. (26) becomes 




Unfortunately, with the present solution it is impossible to give numerical values of 
1T 
stress resultants near r == a and 0 = ± 2 , However, the following remarks are in 
order: 
1) The general patterns of stress resultants shown in Figs. 5 through 
10 are reasonable; the oscillations are due to the small number of 
terms used in the expansion. 
2) The displacement curves in Fig. 4 are reasonable. 
3) Comparing with the uniformly loaded full circular plate rigidly supported 
around the curved edge, the maximum displacement in the present case 
is about 1. 65 times that of full circular plate [ 1]. The maximum stress 
CJ' r in the present case is about 1. 67 times that of full circular plate [ 1]. 
The plate theory used in this paper is only approximate in that it neglects trans-
verse shear deformation. Also, along the free edge, replacing the twisting moment 
gradient and shearing force by statically equivalent vertical force produces disturbances 
in stress or strain near this edge [ 2]. 
2.9 
Recently it has been shown by many authors that the stress resultants which 
classical plate theory predicts become highly inaccurate in many cases (as for example 
in [ 5]. 
The author feels that it is safe to save comments regarding the stress resultants, 
especially near the boundary, until solutions by more advanced theory of plates and 
experimental data are obtained. 
The author originally planned to investigate three different loading conditions, 
namely, uniform loading, pure bending along the diameter, and concentrated loading at 
the origin r = a, but time permitted the investigation of only the first case. 
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cylindrical coordinates r, e in plane of plate 
dimensionless radial coordinates 
radius of plate 
displacement in z direction 
shearing forces per unit length 
Kirchhoff shearing forces per unit length 
bending moments per unit length 
twisting moment per unit length 
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Abstract. - - - A theoretical characterization of a general linear viscoelastic 
material is presented and an attempt is made to characterize the material behavior 
of a high density polyethylene on the basis of some experimental results. 
3.2 
Introduction 
With the increased usage of polymers in manufacturing, there exists a need for 
the characterization of viscoelastic materials in general. This report gives an intro-
duction to the theory for characterizing a viscoelastic material and applies these concepts 
in examining the material characteristics of polyethylene. It is found that the experiments 
are in general difficult to perform and they are complex to analyze. 
The nature of a viscoelastic material is twofold. Viscoelastic materials are 
characterized as possessing a 'memory' function, and of being able to both store and 
dissipate energy. The term 'memory' refers to the material dependence on both the 
present time conditions and the previous time conditions. 
Viscoelastic materials were first described in terms of analogies to simple 
mechanical systems, namely, the Maxwell and the Kelvin models. These models have 
since been generalized and they form the framework upon which much of viscoelastic 
analyses is built. Depending upon the complexity of the model, the expressions for the 
material functions will have more or less terms. 
Polymers are long chains of molecules randomly oriented. The short range dis-
orders react rapidly to changing external conditions, while the long range disorders 
respond much slower. This inherent nature of the material gives them their character-
istic memory functions. 
High density polyethylene is generally a highly crystalline polymer. For this 
study the assumptions have been made that the polyethylene is homogeneous, isotropic, 
and that it acts in a linear manner. While these assumptions are not completely true 
for a polymer, they are made to simplify the analysis. 
Experimental methods on a hard viscoelastic material are limited primarily to 
dynamic experiments, since static experiments require large loads to cause even small 
deformations, and this can cause the linear stress limit to be exceeded. For transient 
experiments it is difficult to observe the important phenomena occurring at very short 
times. In the dynamic experiment category there are direct measurements, resonance 
measurements and wave propagation methods. For this study a dynamic flexure exper-
iment was conducted. 
3.3 
Theory 
Two sets of equations are necessary to describe fully the response of a visco-
elastic material. They characterize the volumetric and the deviatoric behavior respec-
tively. The two modeling equations are analogous to each other. Here, only the 
deviatoric properties of the material are considered. The following definitions will be 
employed. 
mean stress (1) 
E == 
1 
3 Eii ; mean strain (2) 
S .. == a .. - o .. a; stress deviator 
lJ lJ lJ 
(3) 
E. . == E. . - o .. € ; strain deviator 
lJ IJ IJ· (4) 
In the literature the constitutive equation for viscoelastic materials are often 
presented in different forms. These models can be found to be mathematically equiva-
lent, though some have greater physical meaning than others. 
One may begin by formulating the stress-strain law for the simple Kelvin body 
(see Fig. 1). In the Kelvin body the spring and dashpot are subjected to equal deforma-
tions but unequal loads. For the elastic and viscous element the stress-strain relations 
are, respectively, 
Then 
2G (x, t) E .. (x, t) 
lJ 
e 
== S .. (x, t) and 
lJ 
217 (x, t) 8E .. (x, t)/ot == sr3 . . (x, t) lJ 
S .. (x, t) == 2G (x, t) E .. (x, t) + 217 (x, t) 8E.. (x, t)/8t. 
lJ lJ lJ 
Let T be the retardation time 
T (x, t) == 17 (x, t) /G (x, t). 
Then by integration of Eqn; (7), one obtains 
2E .. (x, t) ==J lJ 
0 
t' 
Jt 1dt 11 /T (x, t") 








This is the deviatoric stress-strain relation for a two-element Kelvin model. 
The general Kelvin model consists of (N + 2) simple Ke.lvin models in series. Allowing 
the first and the last models to be degenerate such that 211 == 0 and 2GN+l = 0, one 
obtains the expression for the total deformation. 
t 
2E .. (x, t) = S .. (x, t)/G (x, t) + (l/11N+l (x, t)) J S .. (x, t') dt' + 
lJ lJ O · lJ 
0 
N t Jt'dt"/T (x, t) 
~ f e n S .. (x, t')/11 (x, t') dt' 
n=l IJ n 
0 
(10) 
If one simplifies the model by assuming that the material parameters Gn and 
Tln are independent of time, then Eqn. (10) simplifies to 
t 






(l/11n (x) ) . J 
0 
e(t'- t)/Tn (x) S .. (x, t) dt' 
lJ 
(11) 
It can be seen that each of the non-degenerate Kelvin bodies will have no instantaneous 
response, and will tend to a finite deformation after a long time. Therefore the initial 
and the final behavior will depend on the degenerate elements only. 
Similarly one could generate the equations that mathematically describe the 
simple Maxwell elements and the general Maxwell model. It is possible to show the 
equivalence between these two models, and to relate the parameters of one model to 
those of the other one, i.e., from either mechanical model, one can derive the equiva-
lent mathematical model. 
From the integral representation of the generalized Kelvin o-r Maxwell model 
one can derive the differential operator form of the constitutive relation. To do this, 
one differentiates the expression N + 1 times with respect to time and inserts the 
proper multipliers. The differential operator form of the deviatoric relation can be 
expressed as 
3.5 
1. r n s 8n 
p {s .. ) = 2Q f E .. \ , where P = ~ an (x, t) ~ and Q = ~ b (x, t), 
IJ l IJ n=0 8tn n=0 n 8tn 
(12) 
The values of r, s are arbitrary, but s-r < 1, where the exact relation is 
dependent on the initial and the final conditions. 
The integral form of the constitutive equation equation can be developed by using 
superposition. A stress deviator or strain deviator versus time behavior is shown in 
Fig. 3. If at time t', S .. is increased by dS .. = 8S .. /8t dt', then the induced increase 
lJ lJ lJ 
of E .. at time t can be expressed as the following: 
lJ 
8S .. (x, t') 
2dEij (x, t) = 1./J (x, t, t') IJ ~H dt . 
The strain deviator can be determined by integrating Eqn. (13): 
1 
E .. (x, t) = -2 lJ 
S .. (x, t) = 2 
lJ 
t J 8S .. (x, t') 1./J (x, t, t') _ _._1J_8t-,-- dt' ; similarly, 
-oo 
cp (x, t, t') 
-oo 
8E .. (x; t') 
lJ . . • dt' 




One can observe that 1./J (x, t, t') = cp (x, t, t') = 0 for t' > t; that is, future 
events can not influence present circumstances. If the time frame is chosen such that 
the process begins at time t = 0, this would impJ.y that E .. = S .. = 0 for t < 0. Equa-
IJ lJ 
tions (14) and (15) can now be integrated to yield 
t t 
2E .. (x, t) = 1./J (x, t, t') S .. (x, t) 
lJ lJ -f S ( t) 81./J(x,t,t') ij x, 8t' dt' . (16) 
-oo -oo 
Comparing this equation with Eqn. (10), one sees that 1./J (x, t, t') = l/G0 (x, t) . Equating 
Eqns. (10) and (15) and differentiation with respect to t' gives the following result: 
_ 81./J (x, t, t') = 1 
8 t' 11N+l (x, t') 
N 
1 
+. ~ ( t') 
n=l 11N x, 
(17) 
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This can now be integrated over the region (0, t), giving the creep function 
1 + t 
1/J (x, t) = Go (x) llN+l (x) 
l- -t/T n (x) j-1 - e , N + ~ 1 
n==l Gn (x) 
if the parameters are independent of time. 
(18) 
In dealing with viscoelastic materials it is often assumed that the material proper-
ties are independent of time. The material parameters that were used in the models are 
then also independent of time, that is a (x, t) = a (x) and 1/J (x, t, t') = 1/J (x, t - t'); . n n 
similar relations hold for the other variables as well. This simplifies the mathematics 
of the constitutive relations considerably. Under these simplifying conditions one can 
employ the following theorems from differential equations: 1. If the input to a linear 
system is simple harmonic, then the output is also harmonic and of the same frequency; 
2. Application of integral transforms converts differential equations with constant coeffi-
cients to algebraic equations. 
Let the system be subjected to a harmonic stress deviator Skl (x, t) 'with . 
the amplitude, independent of time. The resulting strain deviator is Ekl (x, t) = Ekl (x) e:iwt. 
Inserting these into the differential operator form results in: 
0 
, and (19) 
(20) 
If P and Q are expressed in a series form, then 
s 
~ (iw)n b (x) 
n==0 n 
r G (x, w) = 
= (21) 
~ (iw)n a (x) 
n=0 n 
where G is the complex shear modulus. GR is called the dynamic shear modulus and 
GI the storage shear modulus. Using a parallel approach one can develop an equation for 
the complex compliance J. Analogously, JR is called the dynamic compliance and 1r 
the storage compliance: 





Characterizing a viscoelastic material can be further simplified, if the Laplace 
and Fourier integral transforms are judiciously applied to the constitutive relations. Let 
I (x, p) designate the Laplace transform and f (x, w) the Fourier transform of the function 
f (x, t). Previously it was assumed that for time t < O, all stresses and strains vanished. 
In this case, S (x, w) = S (x, iw). 
With the assumption of steady-state material properties, it is possible to interpret 
the previous results in a more constructive fashion. Taking the Laplace transform of the 
expression for the Generalized Kelvin model, one may show that 
- r 1 1 N 1 1 J-
2Ekl (x, p) == [Go (x) + p ~+l + n~l 'llN (x) p + 1/Tn Skl (x,1 p), 
~l (x, p) 
== G (x, p) = J (x, p) 8kl (x, p) (23) 
where G (x, p) and J (x, p) are the equivalent shear modulus and equivalent shear com-
pliance, respectively. 
Likewise the Laplace transform of the integral stress-strain equation may be taken. 
Recalling that for time independent material parameters lj; = lj; (x, t - t'), Eqn. (14) becomes 
a convolution integral. Applying the transforms gives: 
2Ekl (x, p) = p "if (x, p) Skl (x, p); similarly, (24) 
(25) 
These transformed quantities may be easily manipulated as algebraic quantities resulting 
in the following identity: 
1 
G (x, p) = p cj, (x, p) = p 1/J (x, p) 
1 = 
J (x, p) (26) 
This expression emphasizes the value of the integral transforms. In theory it is only 
necessary to determine one characteristic function. The rest could be obtained by taking 
its transform, performing the proper algebraic manipulations, and then taking the suitable 
inverse transform. 
Finally taking the Fourier transform of the differential operator equation leads to 
the following expression: 
Skl (x, w) 
G (x, w) = 











It is important to note that this is in the same form as that of Eqn. (21). This is the funda-
mental reason for doing dynamic experiments. Determining the complex shear modulus 
experimentally, one has obtained the Fourier transform of the shear modulus. Then through 
the use of the Fourier - Laplace equivalence and Eqn. (23), one can determine the material 
parameters. If the experimental data is sufficient and the numerical evaluation is possible, 
one would then have characterized the viscoelastic material. 
An important concept in viscoelastic analysis is the theory of reduction of variables, 
through the use of a temperature shift function. This theorem may be applied if a change 
in temperature influences the material characteristics, by causing a shift in the logarithmic 
time scale, without distorting the shapes of the functions. Materials which exhibit this 
phenomenon have been labeled as thermorheologically simple. This concept is useful to 
the experimentalist, because he can change the operating temperature and relate the results 
to different times, thus extending the time scale at a given reference temperature. 
If 1/JT (t) is the creep function at temperature T and 1/JT (t) is the creep function 
at a reference temperature T 0, a material can be characterized O as thermorheologically 
simple if the following is true: 
(28) 
If f (T) = ln a (T) then Eqn. 24 transforms into 
1/JT (In t) = 1/JT (In t + ln a (T) ) = 1/JT (In (ta (T) ) 
0 0 
( 29) 
This implies that if s = ta (T) called the reduced time, then 
(30) 
Clearly, if one had a function at a given reference temperature and the function a (T) 
relative to the reference temperature, then one could evaluate the function at any other 
temperature if the material were thermorheologically simple. 
Experimental Method 
The experiment performed was a dynamic flexure test. Six high density polyethyl-
ene specimens were tested. The load upon the specimen, the deflection of the specimen 
and the phase lag between them were measured. This was executed over one decade of 
time and through five different temperatures. The testing was conducted in a controlled 
environment room, so that both the humidity would remain constant, and the temperature 
could be accurately regulated. The frequency of oscillation was controlled by a gear 
reduction unit connected to a motor. 
3.9 
Using a hand tachometer the frequency was measured. The load applied to the 
sample was measured by a strain transducer. Strain gages were mounted on both sides 
of the plate to increase the signal intensity and to cancel out any bending effects (see 
Fig. 4). The polyethylene beam was clamped at one end, and the deflection of the beam 
was fixed at one value by the eccentric. A linear variable differential transformer was 
used to determine the phase measurement in conjunction with the strain transducer. All 
quantities were displayed on an oscilloscope1 and from there the readings were taken. 
Experimental Error 
This experiment was influenced by three major types of errors, namely material, 
equipment, and human error. In conducting tests with viscoelastic materials it can be 
expected that the scatter of the data to be large. This is due to the physical nature of the . 
material; its random configuration does not require that each specimen have the same 
structure. When all other types of errors have been removed, this has been found to be 
as large as 20%. This problem can be overcome if a large number of specimens are 
tested and then some statistical technique is applied to the data. 
The apparatus used had some flaws in its design. One problem was the sliding 
friction between the pushrod and its housing. This caused some strain to appear even when 
the system was not under any load. It also caused the system to lose its harmonic nature. 
If a more intricate support system using bearings had been used, this problem could have 
been partially eliminated. There was also some play in the linkage, causing the system 
not to respond properly. Mechanical vibrations also caused a problem. It was possible 
to isolate the motor from the supports and the specimen, but vibrations were being trans-
mitted through the eccentric and the connecting rod to the strain transducer. It has been 
suggested that the vibrations could have been eliminated if a rubber linkage had been used 
between the eccentric and the transducer rod, and then the whole system placed under 
tension. 
Electrical noise also hindered the experimental apparatus. There was hum from 
both the driving motor and the controlled environment room. The electrical noise problem 
could have been partially eliminated if a better filtering system using a 60 cycle trap had 
been employed. 
These errors resulted in two major problem;;;, in that some assumptions that were 
made were no longer relevant, and they caused a severe difficulty in measuring the re-
quired quantities. The first assumption violated was that the specimen was only influenced 
by a bending load. Due to the vibrations this is not exactly true, though assuming that the 
vibrations are small this is negligible compared to other types of error. The specimen is 
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no longer under purely harmonic motion; this was plainly visible by viewing the quantity 
related to the load on the oscilloscope. The pattern displayed was no longer sinusoidal; 
it showed sharper peaks. This means that the theoretical analysis of the experimental 
results is no longer exact, but only an approximation. The effect was also reflected in 
the Lissajous phase diagrams, where one was getting distorted ellipses. There was 
also an inertia effect due to the clamp on the end of the specimen, which was not accounted 
for in the analysis. 
Because of the low loss for a highly crystalline viscoelastic material, it is very 
important to be able to measure the small phase angles accurately. The effects of errors 
in the small angle can be seen by examining Graphs 1 and 2. The real component of the 
shear modulus is dependent on cos 6 which is not influenced greatly by a small change 
in 6, while the imaginary part is influenced by sin 6 which is very sensitive to changes 
of small angles. This is the predominant reason for the well behaved GR (w) curves, 
but erratic G1 (w) curves. 
The problems with the apparatus were magnified because they caused an enlarge-
ment in the human error. Both the magnitude of the load and the phase were measured 
from the face of the oscilloscope. The combined problems of non-harmonic wave patterns 
and noise in the system made it at times difficult to make ~n accurate reading. These 
problems were not as severe in measuring the magnitude of the load as they were in mea -
suring the phase. The measurements from tl]_e Lissajous diagrams are extremely limited 
in accuracy"' causing the phase angle to be probably only within 25% of what they should be. 
Experimental Results 
Table 1 gives the environmental conditions for the five series of tests that were 
conducted. The frequencies of oscillations that were used for each series are reported 
in Table 2. The relevant quantities concerning the specimen dimensions are given in 
Table 3. 
The load on the polyethylene specimens and the deflection of the specimens were 
taken to be sinusoidal functions of time. Quantities related to the load and the deflection 
were measured, and the phase was determined from the Lissajous figures. 
It was first necessary to determine the dynamic shear modulus. This was done 
by calculating G and the phase angle. The elastic-viscoleastic analogy method was 
= ~ ~ employed to determine G . This method contends that Q (x, p) = Q (x, p) if the 
proper conditions are met, where Q is any material dependent value and the superscripts 
refer to the viscoelastic and elastic material respectively. 
3.11 
For the analogous elastic problem (see Fig. 5) under the usual assumptions, i.e., 
small deflections, plane sections remaining plane, and negligible inertia,,, for a uniform 




ue (t) = ue (L t) = - F (L, t) .!:_ 
max max ' E (t) l 3 
(32) 
Application of the Laplace transform would yield 
Uv (L ) = (f (L p) = - F (L, p) L 3 
max ' p max ' E (p) I 3 ' 
(33) 
therefore: 
E (p) = - (L 3 /31) F (L, p)/ll (L, p). 
max 
(34) 
Since it was assumed that F (x, t) and U (x, t) were harmonic functions of the same 
frequency, but differing in phase, Eqn. (34) simplifies to the following: 




F . (L) 
0 
U. · (L) 
max 
( cos 6 + i sin 6) 
where 6 is the phase difference between the load and the deflection, and 
F = A E 
0 p p 
,._ V 2 
= A E ~ 
p p -V G. F. 
(35) 
(36) 
where A is the area of the plate, E is Young's modulus of the plate, E is the strain 
p p p 
in the plate, V is the voltage and G. F. is the gage factor for the strain gages. 
Assuming that the material has a fixed value of Poisson's ratio, then G (w) = 
E (w)/2 (1 + µ). Values of GR (w) and GI (w) were determined for all tests using the 
Argands rule, Le., GR (w) = G (w) cos 6 and GI (w) = G (w) sin 6. 
The average values for the six specimens were then computed for each frequency 
for the five series. The results are given in Table 4. Certain highly questionable points 
were omitted from this process. A program was then written which would fit a curve for 
each series. The resulting function is a power series in t where t = 1/w. The coefficients 
for these functions are given in Table 5, and the functions are plotted on Graphs 1 and 2. 
The program minimized fluctuations in the data by using the least squares criterion for 
determining the best fit. 
An attempt was made to define a temperature shift functiono By examining Graphs 
1 and 2 it can be seen that this might be possible for the function GR (w), but it would 
be impossible for the function GI (w)o Using the method outlined in Eqnso (28-30), this 
was attemptedo The results can be seen in Table 6 and on Graph 3 o Series 1 at a 
0 
temperature of 71 F was used as the reference temperatureo A master curve was not 
formulated because of the apparent lack of a temperature shift function for GI' and be-
cause there was no reason to belabor the questionable datao The fact that Graph 3 was a 
straight line implies that the material is thermorheologically simple in certain regionso 
Using the general Kelvin model determined in Eqno (23L one can show 
N+l G p 
G (x, p) = :r; _n---,--,_ 
n=l p+l/T n 
(37) 
If G and T were numerically evaluated then it would be possible to say that the mate-
n n 
rial characteristics are knowno 
One easily recognizes Eqns. (37) form as a set of nonlinear equations in (2N +2) 
unknowns o After searching the literature for solutions to this type of equation, it was 
resolved to be futile. Either the methods would not apply or they were so ill-conditioned 
that using this set of experimental data would have been worthless, 
The method of Gardner and Schlesinger could have been used to determine the 
relaxation function without assuming the values of the relaxation timeso This would give 
a more physically meaningful expression, but it would not be of any greater value in later 
stress analysiso This was not done because the small time spectrum did not lend itself 
to the type of calculations necessary in this methodo 
An easier problem from the numerical point of view was then undertakeno The 
N + 1 values of the relaxation time were assumed to be given values O Then the N + 1 
values of G were calculatedo n 
With a knowledge of both G and T ~ a relaxation function could then be deter-
n n 
mined~ With the evaluated coefficients inserted into Eqno (37), a division by p and the 
use of Eqno (26) give the Laplace transform of the relaxation functiono This can easily 
be shown to yield a series of exponential terms in the form, 
N -t/T 
cp (t) = G + :r; G e n 
o n=l n 
(38) 
The values of G and T are given in Table 7, and a graph of the relaxation function n n 
is given in Graph 4o 
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In theory these values of G and r are the same as those that would be found in n n 
the general Maxwell model. This is only true if the values of r n were found naturally 
rather than being values assigned. The values of 11 could then be computed since n 
11 = G r . With the use of Eqn. (26) one could in a similar fashion evaluate the creep n n n 
function and the other material functions. 
Conclusion 
An experimental determination of the material characteristics of a viscoelastic 
material was attempted and was completed to some extent. This experiment would have 
been more valuable if the frequency of oscillation spectrum had been larger. Three to 
five decades of time should have been covered for a more rigorous experiment. 
Due to the inherent errors in the apparatus the actual numerical results should be 
examined with some degree of skepticism. The empirical functions determined are accu-
rate within the degree of accuracy of the experimental data. It has been found that these 
functions can not be extrapolated to lower frequencies, but they may be extended to a 
range of higher frequencies. When Faucher' s values were extrapolated to coincide with 
the time range of this experiment, there was a good correlation in the shear modulus~ 
This increases the validity of the results presented here (see Graph 5). 
Once the experimental apparatus was constructed, the actual experiment was not 
difficult to perform. An experiment on six specimens at one fixed temperature over a 
large frequency spectrum could be performed in about three days. More could still be 
done in designing an easier-to-operate, error-free testing apparatus. 
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Table 1 
ENVIRONMENT AL CONDITIONS 
SERIES TEMPERATURE HUMIDITY 
OF. % REL. 
1 71 65 
2 82 65 
3 95 64 
4 62 66 
5 52 67 
Table 2 
FREQUENCIES OF OSCILLATION 
TEST FREQUENCY PERIOD 
cycles/sec. sec. 
1 1.7507 . 57119 
2 2.9443 , 33963 
3 4.1221 . 24259 
4 5,3476 . 18700 
5 6.5571 .15250 
6 7,6076 . 13144 




SPECIMEN WIDTH THICKNESS LENGTH 
inch. inch. inch. 
1 1.016 .:503 7.5625 
2 1. 016 .497 7.5625 
3 1.016 0 503 7.5625 
4 1. 013 .501 7.5625 
5 1.015 .502 7.5625 
6 1.016 .502 7.5625 
Table 4 
COMPLEX SHEAR MODULUS 
SERIES TEST GR GI 
X 10o;.s.i. X 10-S-p. s. i. 
1 1 .19391 1. 00734 
1 2 . 25479 1.11192 
1 . 3 0 27072 1. 09684 
1 4 . 28222 1. 10169 
1 5 . 28687 . 84859 
1 6 . 29623 . 64385 
1 7 . 29670 . 67772 
2 1 .18164 0 64290 
2 2 . 24399 .30961 
2 3 . 25643 . 29355 
2 4 . 26711 .. 36016 
3 .17 
Table 4 (cont'd) 
SERIES TEST 
GR GR 
X 106;.s.i. X 10s-;. s. i. 
2 5 . 28430 .38713 
2 6 . 28556 .48140 
2 7 . 29112 .48622 
3 1 .17374 . 60434 
3 2 . 22544 .38346 
3 3 . 24073 .38509 
3 4 . 24671 . 60670 
3 5 . 26382 . 60259 
3 6 . 26929 .79206 
3 7 . 27788 . 76028 
4 1 .19504 .15058 
4 2 . 26532 1.1913 
4 3 . 28166 1.0784 
4 4 . 30003 . 92623 
4 5 . 29151 1. 06473 
4 6 . 29285 1. 05145 
4 7 .30554 .88506 
5 1 . 21445 1. 47489 
5 2 . 27278 1.19115 
5 3 . 29556 1.07813 
5 4 .30649 .88982 
5 5 . 31192 1. 09673 
5 6 .31459 1. 12741 
5 7 .31869 1.04624 
3.18 
Table SA 
COEFFICIENTS FOR FUNCTION GR (t) 
SERIES AO Al A2 A3 A4 
X 107 p-.s-.i. /s-ec. n 
1 . 03297 -.02968 .00820 . 09773 -.16459 
2 .02866 . 51242 -.58282 1. 68583 -1. 53869 
3 . 04161 -.19552 .83635 -1.63360 1. 11797 
4 .03529 -,08358 .45697 -1. 16505 . 93916 
5 .03502 -.04215 .17844 -.50683 . 43905 
Table SB 
COEFFICIENTS FOR FUNCTION GI (t) 
SERIES AO Al A2 A3 A4 
- 7 -
X 10 p. s. i. /sec. n 
1 -.01575 . 21698 -.73706 1. 00019 - . 46224 
2 . 00906 -.04385 . 06531 . 07889 -.12775 
3 . 00298 . 13290 -1.10217 '2. 95853 -2.48582 
4 -.00360 . 22752 -1. 33785 3. 27318 -2.67547 












TEMPERATURE SHIFT FUNCTION 
SERIES TEMPERATURE Log a (T) 
R. 
3 555 +.219 
2 542 +.108 
1 531 . 000 
4 522 -.0876 
5 512 -.1545 
Table 7 









z -2 sec, -1 G X 10 lb-sec-in sec 
,00005 20,000 . 8151158 14 
. 0001 10,000 .7870558 14 
,0005 2,000 - . 3981048 14 
,001 1,000 . 7419760 13 
,005 200 , 1550810 12 
.01 100 -.2363654 11 
'1 10 . 3494273 07 




d X 2 G 









GENERAL KELVIN MODEL 
dx 
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Fig. 3. Stress relaxation of Marlex-50. 
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